We study the Cauchy problem of the nonlinear fourth-order Schrödinger equation with gain or loss:
Introduction
In this paper we study the following nonlinear fourth-order Schrödinger equation with gain or loss:
u(x, ) = u  (x), x ∈ R n , (.)
where u(x, t) are complex-valued function. We have  ≤ α ≤  n- and  ≤ β ≤  n- , ε is a real number, a(t) is a real function, and n > .
For the case ε = , the above equation is the nonlinear fourth-order Schrödinger equation, For the case ε = , a(t) is the gain (loss) if a(t) <  (a(t) > ). In [] , the authors discuss the Schrödinger equation with gain. They have obtained the result: The value of a(t) will determine whether or not the solution will blow up. Feng et al. study the Schrödinger equation with gain/loss in [] and [] . They, respectively, give the limit behavior of solution as ε →  and the global solution and blow-up result. As far as we know, there are fewer results about the fourth-order Schrödinger equation with gain. In this paper, we will discuss the local well-posedness and the global well-posedness of (.); especially, we will discuss the asymptotic behavior of the solution as ε → .
The preliminary estimates
First, we denote by U(t) (t ∈ R) the fundamental solution operator of the fourth-order Schrödinger equation [] , i.e.,
whereφ denotes the Fourier transformation of ϕ, and F - represents the inverse Fourier transformation.
Thus the equivalent integral equations [] of (.) and (.) are, respectively,
and
Second, we introduce the following notations. For any given T > , we define the space
For two integers  ≤ q ≤ ∞ and  ≤ r < ∞, we say that (q, r) is an admissible pair if the following condition is satisfied:
For simplicity, in this paper, we will use C to denote various constants which may be different from line to line.
We have the following Strichartz estimate (see [] ): For any admissible pair (q, r)
where (γ , ρ) is an arbitrary admissible pair, and represents the conjugate number. From Theorem . of [], we have the following results.
Main results
Assume that u is the solution of (.), defined on a maximal time interval [, T * ),  < l < T * , and u ε exists on
Proof First, we prove
From (.) and (.), using Strichartz estimates, we have
where
, it is obvious that N  < +∞. Using the Hölder inequality and the Sobolev embedding [], we have
Similarly, we have
In the following we will prove that
from which we can obtain
So we have
Second, we prove
From (.) and (.), we have
Then, using Strichartz estimates, we have
Using the Hölder inequality, the Sobolev embedding, and the Young inequality, we obtain
Similar to the proof in the first step, we have
At last, we prove
By simple computing, we have
By the Hölder inequality and the Sobolev embedding, we have
Thus we have from (.) and (.)
Similar to the proof of (.), we obtain
Noting that α ≥ , we have
Similarly, using the Hölder inequality and the Sobolev embedding, we obtain
Thus we have from (.) and (.)
Similar to the proof of (.), we obtain
From (.) and (.), we immediately obtain
Taking, respectively, (q, r) = (γ , ρ) and (q, r) = (γ  , ρ  ) in (.), (.), (.), and (.), similar to the method of the first step, we can obtain
Noting that if α =  n- , a in (.) will be meaningless. So we will need the following lemma for the critical case.
where (q, r) is arbitrary admissible pair.
Proof Using the Hölder inequality and a Sobolev embedding, we have
similarly as in Lemma ., we can obtain
for all admissible pairs (q, r).
, we only take the working space as
For the case α = β =  n- , we take the working space as
Assume that u is the solution of (.) with initial value u
Then we have:
is an arbitrary admissible pair.
So for small ε, we have
By a continuation extension method, we obtain the solution
as ε → , for any arbitrary admissible pair (q, r). Noting that
so, again using Proposition ., there exists u ε on [δ, δ] such that
By continuation extension method, we obtain the solution
arbitrary admissible pair (q, r).
See Remark ., the proof is similar; here we omit it.
Lemma . Assume that u is the global solution of (.) with the initial valve u
and u ∈ L q loc (, ∞; W ,r (R n )). Then we have:
The solution u ε of (.) with the initial valve u  is global for sufficiently small ε.
Proof () We will prove that u ε is also global for small ε if u is global. From Theorem ., we can see
Since u is global, for any η > , there exists sufficient large T such that
, using a continuity argument we can obtain
Thus we have
Obviously U(t)u ε (T) L q (,∞;W ,r ) ≤ η for suitable T and any admissible pair (q, r). Furthermore we define the working space as follows:
where (γ  , ρ  ) is the same as in Theorem .. Using the Hölder inequality, the interpolation inequality [] , and the Sobolev embedding, we have
Similarly, we can obtain
For the case  < n < , we have
For the case  ≤ n < , we have 
The process of proof is similar to the case , so here we omit the detailed proof. 
